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1. INTRODUCTION 
Let k be an algebraically closed field of characteristic zero, which we fix 
as the ground field throughout this paper. Let X be a normal afline surface 
defined over k. An open set U of X is said to be a cylinderlike open set if iJ 
is isomorphic to IJ,, x Ai, where U, is a curve and AL denotes the alline line. 
If there is given a nontrivial action of the additive group scheme G, on a 
normal afftne surface X then it is known that X contains a cylinderlike open 
set (cf. Miyanishi and Nakai [8; Theorem, p. 151). The purpose of the 
present article is to show that if a normal afftne surface X contains a cylin- 
derlike open set every singular point of X is a rational singular point (cf. 
Artin [l]), and to characterize such rational singular points. 
2. THE PENCIL ASSOCIATED WITH A CYLINDERLIKE OPEN SET 
Let X be a normal afftne surface containing a cylinderlike open set 
U z U,, x A:. We may assume that U contains no singular points of X. 
Embed X into a normal projective surface V as a dense open set in such a 
way that V is nonsingular along V - X. Then V- X is connected and has 
pure codimension 1. We may assume that every irreducible component of 
V-X is nonsingular and V-X has only normal crossings as singularities. 
Since X contains a cylinderlike open set U z U, x A:, the surface V has 
the irreducible algebraic pensil /i induced by the canonical projection p: 
U z U, x Ai -+ U, (cf. Miyanishi [ 7; Lemma 5, p. 1751); general members of 
n are closures (in v) of general fibers of the projection p: U-, U,, which are 
isomorphic to A:. Therefore, /1 has no base points on X because X is affine. 
If/i has base points, n is a linear pencil and the base points lie on the curve 
V-X. Then we can eliminate the base points of ,4 by a succession of 
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quadratic transformations with centers at base points (including infinitely 
near base points) of A, and we may assume that A has no base points. Then 
the pencil A defines a surjective morphism p: V+ C from V onto a 
nonsingular complete curve C, whose general fibers are isomorphic to the 
projective line P:. By construction, the restriction of p onto the cylinderlike 
open set iJ coincides with the projection p: U + U,, where U,, is regarded as 
an open set of C. Since X is affine there exists a unique irreducible 
component S of V - X such that S is a cross-section of o, i.e., (F . S) = 1 
for a general fiber F of p. 
On the other hand, since X is normal, X has only finitely many isolated 
singular points P, ,..., P,. Then there exist a nonsingular projective surface W 
and a birational morphism II: W+ I’ such that 
(i) II: W- 71-l{P ,,..., P,} 2 V- {P ,,..., P,}, and 
(ii) for 1 ,< i ,< t, every irreducible component of n-‘(P,) is 
nonsingular, 7c-‘(Pi) has only normal crossings as singularities and lc-‘(Pi) 
contains no exceptional curves of the first kind; i.e., W is a minimal 
resolution of V. 
The proper transform L of the pencil ,4 by IC is an algebraic pencil on W 
which defines a surjective morphism w: W + C such that ‘Y = o . R. If FO is a 
member of A passing through a singular point P of X the corresponding 
member G, of L contains x-‘(P). By Laufer [6; Lemma 4.1, p. 471, we know 
that n-‘(P) is connected. Since G, is a degenerate curve of Pi, every 
irreducible component of z-‘(P) is a nonsingular rational curve, n-‘(P) has 
only normal crossings as singularities and the dual graph of x-‘(P) contains 
no circular chain; i.e., it is a tree (cf. Gizatullin [4; Sect. 21). Furthermore, 
we know that there exists an effective ample divisor D on V such that 
Supp(D) = V- X (cf. Goodman [5; Theorem 21). 
Let p be the restriction of p: V+ C onto the open set X. Let P be a point 
on X and consider the fiber p-‘(Q) with Q =p(P). Then we have the 
following: 
LEMMA 1. (1) Every irreducible component of p-‘(Q) is its connected 
component, and it is a rational curve with only one place at infinity; i.e., it is 
a curve with only one place whose center does not lie on the curve. Hence, if 
it is nonsingular, it is isomorphic to A:. 
(2) Every irreducible component of p-‘(Q) contains at most one 
singular point of X. If it contains no singular point of X, it is nonsingular. 
Proof: (I) Note that I+I-l(Q) is either a curve isomorphic to P: or a 
degenerate curve of Pi. In the latter case, every irreducible component of 
w-i(Q) is a nonsingular rational curve, v-‘(Q) has only normal crossings as 
singularities and the dual graph of w-‘(Q) contains no circular chain. 
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Moreover, w-‘(Q) meets the curve C’(S) transversally, where n-‘(S) is 
identified with the curve S and is a cross-section of w contained in 
W - n-‘(X). Since X is aff’ne, X does not contain a complete curve, and 
w-n-‘(X) (SV-xx) is connected, whence u/-‘(Q) - w-‘(Q) n x-‘(X) 
(Z o-‘(Q) - p-‘(Q)) is connected. Suppose an irreducible component of 
p-‘(Q) is not its connected component. Then either the dual graph of w-‘(Q) 
would contain a circular chain or there would be two or more irreducible 
components of w-‘(Q) meeting the cross-section S. This is a contradiction. 
Therefore, every irreducible component of p-‘(Q) is its connected 
component. By a similar reasoning, it is a rational curve with only one place 
at infinity. 
(2) Let Y be an irreducible component of pP ‘(Q). As already remarked, 
there exists an effective ample divisor D on V such that Supp(D) = V-X. 
Then it is clear that there exists an effective ample divisor D’ on V whose 
support is the union of V - X and p-‘(Q) - Y. Since V- Supp(D’) is an 
affme open set of X, we may assume, without loss of generality, that 
pm ‘(Q) = Y. Moreover, we may assume that (p-‘(Q) - Y does not contain 
any exceptional curve of the first kind on V. Now, assume that Y has two or 
more singular points P,,..., P, of X, and consider the fiber w-‘(Q). Then 
w-‘(Q) must contain an exceptional curve of the first kind on W (cf. 
Gizatullin [4]). Since we assume that rr-‘(ci) contains no exceptional curves 
of the first kind for 1 < i <s, the closure Y (in W) of the proper transform 
Y’ of Y by n is the unique exceptional curve of the first kind in the fiber 
w-‘(Q). If FfJ S # 0 it is easy to show that o-‘(Q) is irreducible. Then. 
after the contraction r of y, two or more irreducible components of 
r(y/-‘(Q)) would meet the cross-section r(S) at the same point, which is a 
contradiction. Hence Fn S = 0 and (p-‘(Q) is not irreducible. Then three or 
more components of v/-‘(Q) would meet an exceptional curve 7 of the first 
kind, which is again a contradiction (cf. Gizatullin 141). Therefore, each 
irreducible component of p-‘(Q) has at most one singular point of X. Q.E.D. 
3. MAIN THEOREMS 
We shall prove the following: 
LEMMA 2. (1) Let P be a singular point of X. Then the dual graph of a 
minimal resolution of P, i.e., that of n-‘(P), is a linear chain. 
(2) Let Y be the irreducible component of p-‘@(P))passing through the 
singular point P. Then the closure F (in W) of the proper transform Y’ of Y 
by n meets a terminal component of n-‘(P). 
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Proof (1) Let Q =p(P). As in the proof of Lemma 1, we may assume 
that p-‘(Q) is irreducible, i.e., Y = p-‘(Q). Let P be the closure of the proper 
transform of Y in W. Then we may assume that y is the unique exceptional 
curve of the first kind in u/-‘(Q). By Gizatullin [4], we know that irreducible 
components of w-‘(Q) except one component can be contracted one by one 
and we obtain a nonsingular rational curve after a succession of 
contractions. Since II is a minimal resolution, every irreducible component of 
n-‘(P) has self-intersection multiplicity G-2. Suppose the dual graph of 
n-‘(P) is not a linear chain, Then n-‘(P) has a subset of irreducible 
components (2, ,..., Z,, T,, T,} (I > 1) as shown in Fig. 1, where no other 
components of z-‘(P) meet the components 2, ,..., Z,-, if I > 3 and at least 
two more components of x-‘(P) including T,, T, meet the component Z,. 
Starting with the component F, we contract successively all possible 
components. In the course of contractions, one of the components T, and T2 
is contracted. In order to contract T, or T,, the component Z, has to become 
an exceptional curve of the first kind after a succession of contractions, say 
7. If r(Z,) meets the cross-section r(S) of the pencil r(L) then, after the 
contraction u of r(Z,), two components ar(T,) and ar(T,) would meet the 
cross-section ar(S) of the pencil or(L). This is a contradiction. Therefore 
r(Z,) does not meet the cross-section r(s). Then there exists another 
irreducible component C of r(t,-‘(Q)) which meets r(Z,). This is again a 
contradiction because three components r(T,), r(T,) and C of r(w-‘(Q)) 
meet an exceptional curve r(Z,) of the first kind. Therefore we know that the 
dual graph of n-‘(P) is a linear chain. 
(2) We can prove the second assertion in the same fashion as for the 
first assertion. In effect, we have only to consider the case I= 1 in the above 
configuration. Q.E.D. 
Let P be a singular point of X. Write n-‘(P) = Cr=, Ci, where Ci’s are 
irreducible components of n-‘(P) whose weighted dual graph is shown in 
Fig. 2. Then we have the following: 
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LEMMA 3. For each eJ%ctive divisor Z = xi=, Ci with Supp(Z) c 
n:‘(P), the arithmetic genus p,(Z) of Z is non-positive. 
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Since p,(C,) = 0 and (Cf) < -2 for 1 < i < r and since the dual graph of 
n-‘(P) is the one given above, we obtain 
p,(Z) < - k ni(ni - 1) - $ 
r-l 
ni + r nitIf+, + 1 
i=l i=l iC1 
=-+ 
I 
2 + ni-2;-!n,ni+, + 1 
i51 iti I 
=-f{n~+(n,-nJZ+~~~+(n,-,-n,)*+n~)+ 160, 
where the equality occurs if and only if n, = ..a = n, = 1. Hence p,(Z) Q 0 if 
z > 0. Q.E.D. 
Summarizing the above results, we obtain 
THEOREM 1. Let X be a normal aflne surface containing a cylinderlike 
open set. Then we have: 
(1) Every singular point P of X is a rational singular point. 
(2) The dual graph of the minimal resolution of P is a linear chain. 
(3) If the weighted dual graph of the minimal resolution of P is the 
one given above (we then say that P is a rational singular point of type 
(a 1 ,***, a,)), the multiplicity of P is equal to 
flu(P)= 2 ai - 2(r - 1). 
i=l 
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(4) Let [a*,..., a,.] be the continued fraction 
1 








and write d/e = [a, ,..., a,] with e < d and e and d relatively prime. If P is a 
rational singular point of type (a, ,..., a,.) then X, in a neighborhood of P, is 
analytically isomorphic to the quotient of Ai (= the a,ffrne plane) by the 
cyclic group of order d, acting by (x, y) I+ (b, ry), where < is a dth root of 
unity. 
Proof (1) It is clear that the intersection matrix ((Ci . Cj))lc;i,j<r of 
IT-‘(P) is negative definite. Hence P is a rational singular point by virtue of 
Artin [2; Proposition 11. Part (2) is proved in Lemma 2. (3): The 
fundamental cycle Z of x-‘(P) is 
z=c,+c,+***+c, 
(cf. Artin [2; p. 1321). Then the multiplicity p(P) of P is equal to -(Z’) = 
C;=, a, - 2(r - 1). (4): We refer to Brieskorn [3]. Q.E.D. 
Finally, we shall show the following: 
THEOREM 2. Every rational singular point of type (a,,..., a,) can be 
realized as a singular point of a normal aflne surface containing a cylin- 
derlike open set. 
Proof Let I’,, = Pi x PL and let pi: Pi X Pi + P: be the projection onto 
the ith factor (i = 1, 2). We denote by 1 a fiber of the second projection pZ 
and by M a fiber of the first projection pI; M is called a cross-section of pz. 
Fix a fiber l,, and a cross-section M. Let Q, = 1, n M, let u, : V, + V, be the 
quadratic transformation of V, with center Q, and let E, = o; ‘(Q,). Let 
Q, = a;(/,) n E, , where a;(/,) is the proper transform of I, by 0,. Let 
(32: V, --) V, be the quadratic transformation of V, with center Q,, let 
E, = u;‘(Q,) and let Q, = E, n (u, CJ~)‘(~~). Repeat this process a,-times by 
introducing quadratic transformations Ui: Vi + Vi-, (1 < i < a,). Then the 
proper transform (a, . . ’ u,,)‘(l,) has self-intersection multiplicity -a,. Let 
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FIGURE 3 
EaI = o;,‘(Q,,- ,) be the last exceptional curve and let Q,, = 
Ea/W,(Ea,-,). Let u~~+~: Cl+,+ C, be the quadratic transformation 
with center Q,, , let k,+, = h,+J-'(Qa,> and let Qa,+, = 
E a ,+ 1 n (a, ,+ ,)‘(Ea,). Next apply the quadratic transformation with center 
Q =,+ ,. Repeat this process as many times as the proper transform of EaI has 
self-intersection multiplicity -01~. Continuing the above process, we obtain 
the configuration (Fig. 3) on a nonsingular projective surface W, where 
(II:)=-1 and (Bj)<-2 for 2<j<s with s=C;=,ai-2(r-l), and 
where M’ is the proper transform of M on W. Since the intersection matrix 
(Cci ’ cj)>l<i, j(r is negative definite and since p,(Z) < 0 for every effective 
divisor Z with Supp(Z) c UT= I C, (cf. the proof of Lemma 3), there exists a 
contraction z: W+ V of UT=, Ci onto a point P, where V is a normal 
surface (cf. Artin [ 1; Theorem 2.31). Now, consider a divisor A on W of the 
form 
A=vl’+pM’+ 5 njBj (V, A nj > 019 
j=2 
where 1’ is the proper transform on W of a genera1 fiber 1 of p2. Applying 
Nakai’s criterion of ampleness, we can easily prove that the divisor A gives 
rise to an ample divisor n(A) on V for a suitable choice of v, ,U and ~Js 
(2 ( j < s) such that 
Let X := V- Supp(n(A)). Then X is a normal afftne surface with a unique 
rational singular point P of type (a, ,..., a,). Q.E.D. 
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